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An elliptically polarized field applied to a physical system and related responses 
are very common in physics. Due to the loss of symmetry, the response problems 
are very difficult to solve, and are usually described by nonlinear and unseparable 
equations. By introducing a time transformation ~" = (l/w) tan-l(r tan wt), where 
r is the ratio between the two components, one may reset the symmetry of the 
field. The equation 

dO wr 
dt-cosZwt+r2sin2 wt w~(c~ wt) sin20 

describing the relative angular motion of a magnetic dipole pair in an elliptical 
magnetic field has been solved with this transformation. 

It is very c o m m o n  in phys ics  that  a sys tem is ac ted  on by  an ex te rna l  
a l t e rna t ing  field. I f  the  ex te rna l  field is e l l ip t ica l ly  po la r i zed ,  due  to the  loss 
o f  spac ia l  symmet ry ,  the  p r o b l e m  usua l ly  become s  much  more  c o m p l i c a t e d  
than  for  c i rcu la r ly  p o l a r i z e d  fields. The d y n a m i c a l  equa t ions  o f  the  phys ica l  
sys tem are  very difficult to solve. In  this note ,  t h rough  in t roduc ing  a t ime 
t r ans fo rma t ion ,  we can  t rans fe r  the e l l ip t ica l ly  p o l a r i z e d  field into a cir- 
cu la r ly  p o l a r i z e d  field. Us ing  this t ime t r ans fo rma t ion ,  we solve the  d y n a m i -  
cal equa t ion  o f  relat ive m o t i o n  o f  a d ipo le  pa i r  in an externa l  e l l ip t ica l ly  
po l a r i zed  magne t i c  field. 

C o n s i d e r  a phys i ca l  sys tem in in te rac t ion  with an e l l ip t ica l ly  po l a r i zed  
field. Let Hx and  H e represen t  the  x and  y c o m p o n e n t s  o f  the po l a r i zed  
field H ( t ) ,  which  can be expressed  by 

Hx = /4o  cos wt  and  H~. = rHo sin cot (1) 
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where Ho and rHo are x and y components of the amplitudes, respectively, 
and r (0 < r - 1 )  is the ratio between the amplitudes. The angular velocity 
of  the field is not a constant, but a function of time: 

d ~  tor 
dt - to" - (2) cos 2 tot + r 2 sin 2 tot 

We now introduce a time transformation: 

r = 1 tan_l( r tan tot) (3) 
t o  

This yields 

dq~H 
- w = const (4) 

dr  

If  we use r as a time measure, then in z time, the elliptically polarized 
field becomes a circularly polarized field. 

The relative angular motion of a magnetic dipole pair acted on by an 
external elliptically polarized magnetic field with frequency o~ can be 
described by the following equation (Helgesen et al., 1990) 

dO = wr  we(cos 2 tot + r 2 sin 2 tot) sin 20 (5) 
dt cos 2 tot + r 2 sin 2 wt 

where the 0 is the angle between the applied elliptically polarized magnetic 
field and the connecting line of the dipole pair (see Figure 1). The constant 
wc is the critical frequency of  the system. 

Let 

du 2u 
sin 20 - (6) u = t an  0, d O - l + u 2 ,  l + u 2  

and using the transformation (3), we have 

dr r 1 + (1 / r  ~) tan s tot  
- -  = - r ( 7 )  
dt cos 2 tot + r 2 sin z wt 1 + t an  2 wr 

Substituting equations (6) and (7) into equation (5), we have 

d__.uu = 2~o ( l + t a n 2 t o r  ) 2 
dr tou 2_ c u+ to  (8) 

1 + (1 / r  2) tan 2 tot 

Let w = 1 (without loss of universality); we have 

du u2 2toc ( l + t a n 2 r  )2 
d--7 = - r  l + ( 1 / r 2 ) t a n 2  r u + l  (9) 
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�9 H ( t )  
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Schematic diagram of  the motion of a magnetic dipole pair due to an elliptically 
polarized field H(t).  

This is a Riccati equation, which can be transformed to a second-order 
homogeneous linear equation (Kamke, 1943; Watson, 1944) with the trans- 
formation 

and then v satisfies the linear equation 

v, ,+2@ [1 + 1 +tan2 z ]2 
?l~r2) tan 2 r J  

V ! 
i.e., u = - - -  (10) 

v 

v ' + v = O  (11) 

which can be transformed into a standard form (Kamke, 1943) 

v"+ I(r)v=O 

where 

(toc~2[ 1 +tan2 r 14 oJ~ 
I (z)  = 1 - \ 7 /  L 1 + (-1-~r2) t--an2 r j  r 

(12) 

It is easy to see that I ( r )  is a real function of r with period 7r and this 
is an extended Hill equation. Following Floquet's theory (Kamke, 1943; 
Wang and Guo, 1965; Whittaker and Watson, 1927), Yang and Yao (1990) 
solved the extended Hill equation d2u(z)/dz2+J(z)u(z)= 0, where J(z) is 
a real periodic function of  z. 

d [ 1 + tan 2 r 12 
L1 + t n2 (13) 
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For real values of % I(r) can be expanded in the form 

I(r) = ~ a2n exp(i2nr) 
n = - o o  

where 

(14) 

obtain the equation system 

Bnmb2m = 0 
r n  = - -  o o  

where B,m are coefficients defined by 

B.., = I a2(2-m----2) 
[ao-Ox + 2n) 2" 

(n = 0 , • 1 7 7  (21) 

n = m  

rl r  
(n, m =0,  • •  (22) 

1 f rr/2 
a2. =-- drt(r)  exp(-2im-) (n = 0, :kl, •  (15) 

77" ,/-rr/2 

That function I(r) is a real function of r yields 

a-2, = a*, (n = 0, 1, 2 , . . . )  (16) 

Directly calculating the integrals, one may obtain 

2 
O) c 

ao = 1 - ~ r  (5 + 3r2+ 3r4+ 5r 6) 

_ 2  (l-q" [ l - r \ "  
a2, = 16rC, k l+r]  +inwc(l+2nr+r )~ -~r )  (17) 

for n = 1, 2, 3, . . . ,  where 

c,=5+lOnr+(3+8n2)r2+4n(2nZ+7)r3+(3+8nZ)r4+lOnrS+5r6 (18) 

f o r n = l , 2 , 3 , . . . .  
We assume the solution ot equation (12) can be written 

v(r)=exp(i~r) ~ b. exp(inr)= ~ b. exp(ozr+inr) (19) 

On substitution in equation (12), we have 

-bn( tx+n)2+ ~ bn_2ma2m=O ( n = 0 , • 1 7 7  (20) 
m = - o o  

By dividing the linear equations of (20) by a 0 - ( i z + 2 n )  2, one may 



Ell ipt ica l ly  Polar ized  Fields and Responses  535 

The ~ in equat ion  (19) is de te rmined  by  the roots  o f  the de te rminanta l  
equa t ion  

sin ( ) sin ( ) 
where  A(/~) is the ex tended  Hill de te rminan ta l  equat ion  defined by 

~(~)= .. 

a* a* a* a* 
1 

ao--(#--4) 2 ao-( tz-4)  2 ao-(,u,-4) 2 ao-(#--4)  2 

a2 a* a* a* 1 
a o - ( # - 2 )  2 ao-( /x-2)  2 a o - ( ~ - 2 )  2 ao-(P,-2)  2 

a4 a2 a* a* 
1 

ao _ tz2 ao _ # 2  ao - tx 2 ao - Ix 2 

a 6 a 4 a 2 a ~  
1 

ao-(/x+2) 2 ao-(/z+2) 2 ao-(/x+2) 2 %-(/2+2) 2 

a8 a6 a4 a 2 

a o - ( / x + 4 )  2 a o - ( / x + 4 )  2 a o - ( # + 4 )  2 a o - ( # + 4 )  2 

�9 �9  = 0  

(24) 

When  r - 1 ,  with the app rox ima t ion  used in Wang  and G u o  (1965), 
one m a y  obta in  

,a6,2 ) 
A(0) -- 14 4x/ao 12 - a------~ ~- 22 - a-------~-r 32 _ a - - - - ~ -  �9 �9 �9 (25) 

All the coefficients {b,} can in pr inciple  be ob ta ined  by  solving the equa t ion  
system (20) w i th /x  given by  equat ions  (23) and (25). One m a y  obta in  the 
F loquet  solut ions to (12) by  subst i tut ing {bn} a n d / x  into (19). 

In summary ,  we have  in t roduced  a t ime t r ans fo rmat ion  to s tudy prob-  
lems with elliptically polar ized  fields, and  solved the dynamica l  equat ion  
of  a dipole  pa i r  in an external  elliptically polar ized  field with this trans- 
format ion .  
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